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Abstract
We study positive maps of B (K) into B (H) for finite-dimensional Hilbert spaces K and H. Our main
emphasis is on how Choi matrices and estimates of their norms with respect to mapping cones reflect
various properties of the maps. Special attention will be given to entanglement properties and k-positive
maps, in particular tensor products of 2-positive maps. The latter problem is directly related to the question
of n-copy distillability of quantum states, for which we obtain a partial result.
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1. Introduction
Positive maps between matrix algebras have been studied in quantum information theory for at least
fifteen years and in operator algebras since the 1950’s. In the study several positivity conditions have been
introduced, especially completely positive maps and k-positive maps have been of importance. Positive maps
are completely characterized by their Choi matrices, which are also recognized as entanglement witnesses for
states. The Choi matrix for a positive map is self-adjoint, hence is the orthogonal difference of two positive
matrices, which implies that each positive map is a difference of two completely positive maps, its negative
and its positive part. In the paper we shall see that the negative part contains important information.
A central class of maps are those of the form φλ (x) = Tr (x)1−λψ (x), where ψ is a completely positive
map and Tr is the usual trace. We shall give a characterization of such a map to be so-called C-positive,
where C stands for an arbitrary mapping cone. In the particular case when C is equal to the set of k-positive
maps and ψ = AdV , we recover a recent result of Chrus´cin´ski and Kossakowski [1], thus putting it in a
more general framework. Furthermore, we use maps like φλ to relate C-positivity of maps to the properties
of the support of the negative part of their Choi matrices. Using our results we also provide conditions for
the tensor product φλ ⊗ φλ to be 2-positive. This latter result is related to a work by Di Vicenzo et al. [2],
in which they show that it is sufficient to study maps of the form φλ (x) = Tr (x) − λAdV and their tensor
products to answer the fundamental question about the existence of NPT bound entanglement.
2. Norms and positivity conditions
We denote by B (H) the algebra of bounded operators on a Hilbert space H. Throughout the paper all
Hilbert spaces will be finite-dimensional, so of the form Cd, d the dimension of H. Let K be another Hilbert
space. Then we denote by B (B (K) ,B (H)) (resp. B (B (K) ,B (H))+) the linear (resp. positive linear) maps
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of B (K) into B (H). Here positive means that positive operators are mapped to positive operators. A map
φ is called k-positive if φ ⊗ idMk(C), considered as a map in B
(
B
(
K ⊗Ck
)
,B
(
H⊗Ck
))
is positive, and
completely positive if it is k-positive for all k > 1. In the latter case φ is a sum of maps of the form AdV ,
which sends x 7→ V xV ∗, where V : K → H, with V linear [3, 4]. If φ =
∑
iAdVi , where the rank rkVi 6 k
for all i, then φ is called k-superpositive, in particular if k = 1, then φ is superpositive [5], or entanglement
breaking [6].
Let P (H) := B (B (H) ,B (H))
+
. A closed cone C in P (H) is called a mapping cone [7] if α ◦ φ ◦ β ∈ C
whenever α, β ∈ CP (H) - the completely positive maps in P (H). Equivalently, by the above decomposition
of completely positive maps, φ ∈ C iff AdU ◦φ ◦ AdV ∈ C for all U, V ∈ B (H). We shall denote the
set of k-positive maps in P (H) by Pk (H), or just Pk when the context is clear. Superpositive maps in
P (H) will be denoted with SP (H) and k-superpositive maps by SPk (K). It is a simple exercise to check
that the cones P (H), Pk (H), CP (H), SPk (H), SP (H) of positive, k-positive, completely positive, k-
superpositive and superpositive maps (resp.), are examples of mapping cones. They are also symmetric
mapping cones, i.e. φ ∈ C implies that the maps t ◦ φ ◦ t with t the transpose operation and φ∗, defined by
Tr (φ (a) b) = Tr (aφ∗ (b)), belong to C. If C is a mapping cone in P (H) then one of us (E.S., [7]) introduced
a positivity property for maps in B (B (K) ,B (H))+ called C-positivity. It was shown in [8] that if C is
symmetric, then the cone of C-positive maps, denoted by PC in the sequel, are the maps in the closed cone
in B (B (K) ,B (H))
+
generated by maps of the form α ◦ψ, where α ∈ C, and ψ is a completely positive map
of B (K) into B (H). In particular, if H = K, PC = C. It follows that φ ∈ P (H) belongs to PPk iff φ ∈ Pk,
and φ ∈ PSPk iff φ ∈ SPk.
Let (eij) be a complete set of matrix units for B (K). Then there is a one-to-one correspondence between
maps φ ∈ B (B (K) ,B (H)) and operators in B (K ⊗H) (= B (K) ⊗ B (H)), given by φ 7→ Cφ =
∑
i,j eij ⊗
φ (eij). The operator Cφ is called the Choi matrix for φ [3], and the map J : φ 7→ Cφ is sometimes called the
Jamio lkowski-Choi isomorphism [9]. It was shown by Choi that φ is completely positive iff Cφ is a positive
matrix. More generally, φ is k-positive iff Cφ is k-block positive (cf. [10]). In particular, φ is positive iff
Tr (Cφa⊗ b) > 0 for all positive a ∈ B (K), b ∈ B (H).
Given a cone C in B (B (K) ,B (H))+, one defines its dual cone C◦ by the formula
C◦ = {ψ ∈ B (B (K) ,B (H)) Tr (CφCψ) > 0 ∀φ∈C} . (1)
If C is a mapping cone, we denote
SC :=
{
ρ ∈ B (K ⊗H)
∗
ρ = Tr (Cψ · ) ,Tr (Cψ) = 1, ψ ∈ P
◦
C
}
. (2)
For example, SP denotes the set of separable states on B (K ⊗H). We can now define a norm on B (K ⊗H)
by
‖A‖SC := sup
ρ∈SC
|ρ (A)| . (3)
There is a corresponding norm on B (B (K) ,B (H)), defined by
‖ψ‖C = sup
φ∈J−1(SC)
|Tr (CφCψ)| = ‖Cψ‖SC , (4)
where we identify a linear functional with its density operator. The norm properties ‖λψ‖C = |λ| ‖ψ‖C and
‖φ+ ψ‖C 6 ‖φ‖C+ ‖ψ‖C are immediate from definition. To show that ‖ψ‖C = 0 implies ψ = 0, note that by
[7, Lemma 2.4] each mapping cone contains the superpositive maps. Since the composition of a superpositive
map and a positive map is completely positive, the superpositive maps of B (K) into B (H) belong to the
dual cone P◦C of PC by [11, Thm. 1]. Thus SC contains all states with density operators corresponding to
maps in SP . Since these states form a separating family of states, Cψ = 0. Hence ψ = 0.
Note that for C = Pk, k = 1, . . . , d, d = dimH and A normal, the norm ‖A‖SC reduces to the Schmidt
norm ‖A‖S(k) introduced by Johnston and Kribs [12].
If φ is a positive map of B (K) into B (H), then Cφ is a self-adjoint operator in B (K ⊗H), hence is a
difference Cφ = C
+
φ −C
−
φ of two positive operators C
+
φ and C
−
φ such that C
+
φ C
−
φ = 0. Let φ
+ = J−1
(
C+φ
)
,
2
φ− = J−1
(
C−φ
)
. Since C+φ and C
−
φ are positive, φ
+ and φ− are completely positive by the Choi theorem
[3].
Proposition 1. Let φ belong to a mapping cone C ⊃ CP (H). With the above notation
‖φ+‖C > ‖φ−‖C (5)
or equivalently,
∥∥∥C+φ
∥∥∥
SC
>
∥∥∥C−φ
∥∥∥
SC
.
Proof. If ψ ∈ J−1 (SC) ⊂ P◦C = C
◦, we have
0 6 Tr (CφCψ) = Tr
(
C+φ Cψ
)
− Tr
(
C−φ Cψ
)
. (6)
Thus ∥∥φ+∥∥C − sup
ψ∈J−1(SC)
Tr
(
C−φ Cψ
)
> 0. (7)
Since C ⊃ CP, C◦ ⊂ CP◦ = CP. Thus Tr
(
C−φ Cψ
)
> 0 for all ψ ∈ J−1 (SC). Therefore
∥∥φ+∥∥C > sup
ψ∈J−1(SC)
∣∣∣Tr
(
C−φ Cψ
)∣∣∣ =
∥∥φ−∥∥C . (8)
Since
∥∥∥C+φ
∥∥∥
SC
= ‖φ+‖C , and the same for φ
− and C−φ the proof is complete.
Let us now consider maps φλ of the form φλ (a) = Tr (a)1− λφ (a), a ∈ B (K), where φ is a completely
positive map of B (K) into B (H), and λ ∈ [0,+∞). For notational convenience we identify a linear functional
ω on B (K) with the map a 7→ ω (a)1, where 1 is the identity in B (H). Thus we shall write φλ = Tr−λφ.
Proposition 2. Let C be a symmetric mapping cone on H and φλ = Tr−λφ as above. Then φλ is C-positive
iff
‖φ‖C 6
1
λ
. (9)
Proof. Since P◦◦C = PC (see e.g. [11, Thm. 6]), φλ is C-positive iff Tr (CφλCψ) > 0 ∀ψ∈P◦C , iff Tr (CφλCψ) >
0 ∀ψ∈J−1(SC), hence iff infψ∈J−1(SC) Tr (CφλCψ) > 0. Now CTr =
∑
i,j eij ⊗ Tr (eij) =
∑
i eii ⊗ 1 = 1. Thus
φ is C-positive iff
0 6 inf
ψ∈J−1(SC)
Tr (CφλCψ) = inf
ψ∈J−1(SC)
Tr ((1− λCφ)Cψ) = 1− λ sup
ψ∈J−1(SC)
Tr (CφCψ) = 1− λ ‖φ‖C , (10)
iff ‖φ‖C 6 1/λ.
In particular, if we apply the proposition to the cone of k-positive maps PPk and use the fact that
‖Cφ‖S(k) = ‖φ‖Pk , we get the following result by Johnston and Kribs [12].
Corollary 1. The map φλ = Tr−λφ, φ ∈ CP, is k-positive iff
‖Cφ‖S(k) 6
1
λ
. (11)
With the proper identification of norms, Proposition 2 is a generalization of a characterization of
Chrus´cin´ski and Kossakowski [1] of k-positivity in terms of Ky Fan norms. We first prove a lemma. Note
that for a vector υ, |υ〉 〈υ| denotes the rank one operator ‖υ‖
2
pυ, where pυ is the one-dimensional projection
onto Cυ.
3
Lemma 1. Let V =
∑
i,j Vijeij ∈ B (H), υ =
∑
i,j Vijej ⊗ ei ∈ H ⊗ H, where eijek = δjkei for an
orthonormal basis e1, . . . , ed for H. Then we have
(i) CAdV = |υ〉 〈υ|
(ii) ‖CAdV ‖HS = Tr (CAdV ) = ‖υ‖
2 = ‖V ‖2HS
(iii) If W ∈ B (H) then
Tr (CAdV CAdW ) = |〈υ, ω〉|
2
= |〈V,W 〉HS|
2
, (12)
where ω is an analogue of υ for W .
Proof. By the definition of Cφ, we have
CAdV =
∑
i,j
eij ⊗ V eijV
∗ =
∑
i,j,m,n
VmiVnjeij ⊗ emn =
∑
i,j,m,n
VmiVnj |ei ⊗ em〉 〈ej ⊗ en| = |υ〉 〈υ| . (13)
This proves (i). To show (ii), note that by (i)
‖CAdV ‖
2
HS = Tr
(
C2AdV
)
= ‖υ‖2Tr (|υ〉 〈υ|) = ‖υ‖4 = Tr (CAdV )
2 . (14)
Since furthermore ‖υ‖
2
=
∑
i,j VijVij = ‖V ‖
2
HS, (ii) follows. By (i)
Tr (CAdV CAdW ) = Tr (|υ〉 〈υ| |ω〉 〈ω|) = |〈υ, ω〉|
2
=
∣∣∣∣∣∣
∑
i,j
VijWij
∣∣∣∣∣∣
2
= |〈V,W 〉HS|
2
, (15)
which proves (iii).
It turns out [1, 12] that the Schmidt operator norms for maps of the form AdV can be effectively
calculated in terms of the so-called Ky Fan norms.
Definition 1. Let V be an element of B (H), dimH = d. For k ∈ {1, 2, . . . , d}, define the norm of ‖ · ‖(k)
by
‖V ‖
2
(k) =
k∑
i=1
σ2i , (16)
where σ2i is the i-th greatest eigenvalue of V V
∗. Then ‖ · ‖2(k) is the k-th Ky Fan norm of V V
∗.
Another way to define the norm ‖ · ‖(k) follows from the next proposition.
Proposition 3. Take V ∈ B (H). Then
‖V ‖
2
(k) = sup
rkF=k
Tr (FV V ∗) , (17)
where F runs over projections of dimension k.
Proof. Can be found in [1] or in [12].
Theorem 1. Let V ∈ B (H). Then
‖V ‖
2
(k) = sup {Tr (CAdV CAdW ) | rkW 6 k,Tr (CAdW ) = 1} = sup
ψ∈J−1(SP
k
)
Tr (CAdV Cψ) = ‖AdV ‖Pk (18)
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Proof. The last equality in (18) simply follows from the definition of the norm ‖.‖C , whereas the penultimate
is a consequence of the fact that J−1 (SPk) = convhull {AdW | rkW 6 k,Tr (CAdW ) = 1}. In the remaining
equality in (18), we first show “6”. Let W be as in (18). Since W is of rank 6 k, its range projection E
has dimension 6 k, and W = EW . We thus have by Lemma 1, Proposition 3 and the Cauchy-Schwarz
inequality
Tr (CAdV CAdW ) = |〈V,W 〉HS|
2 = |Tr (VW ∗)|2 = |Tr (VW ∗E)|2 6 Tr
(
EV (EV )∗
)
Tr (WW ∗) =
= Tr (EV V ∗) ‖W‖2HS 6 sup
rkF6k
Tr (FV V ∗) · 1 = ‖V ‖2(k) . (19)
Now we prove “>”. Since H is finite-dimensional, by compactness we can find a projection E of dimension
6 k such that ‖V ‖
2
(k) = suprkF6k Tr (FV V
∗) = Tr (EV V ∗). Take W = EV/ ‖V ‖(k). Then rkW 6 k, and
‖W‖
2
HS =
Tr
(
EV (EV )
∗)
‖V ‖2(k)
=
Tr (EV V ∗)
‖V ‖2(k)
= 1. (20)
In particular, 1 = Tr (WV ∗) / ‖V ‖(k) = Tr (VW
∗) / ‖V ‖(k). By Lemma 1, (ii), Tr (CAdW ) = 1. Furthermore,
‖V ‖
2
(k) = Tr (EV V
∗) = ‖V ‖(k) Tr (VW
∗) = ‖V ‖(k) Tr (VW
∗) · 1 = ‖V ‖(k) Tr (VW
∗)
Tr (WV ∗)
‖V ‖(k)
=
= |Tr (VW ∗)|2 = |〈V,W 〉HS|
2
= Tr (CAdV CAdW ) . (21)
Thus the sup is attained and we have the asserted equality.
As an immediate corollary of Theorem 1, we get the result by Chrus´cin´ski and Kossakowski [1],
Corollary 2. Let V be an element of B (H). The map Tr−λAdV is k-positive if and only if
‖V ‖
2
(k) 6
1
λ
. (22)
Proof. An immediate consequence of Proposition 2 and Theorem 1.
Int the special case k = d = dimH, we have ‖V ‖2HS = ‖V ‖
2
(d). Since a map φ is d-positive iff φ is
completely positive, we get
Corollary 3. Let V ∈ B (H). Then the map φλ = Tr−λAdV is completely positive iff
‖V ‖2HS 6
1
λ
. (23)
It is instructive to derive the last two corollaries in yet another way. We first give a new proof of Corollary
3. If K = H, SCP equals the set of states on B (H⊗H). Indeed by [8], CP = PCP . Since a map φ belongs
to CP iff Cφ > 0, and an operator A is positive iff Tr (AB) > 0 ∀B>0, we have CP = CP
◦ = P◦CP . Therefore
SCP is the set of states on B (H⊗H) as asserted. Thus by Lemma 1,
‖AdV ‖CP = sup
ρ - state
ρ (CAdV ) = ‖CAdV ‖ = Tr (CAdV ) = ‖V ‖
2
HS , (24)
where the third equality follows since CAdV is of rank 1 and the fourth by (ii) in Lemma 1.
It turns out that the case of k-positive maps of the form Tr−λAdV can be reduced to the situation of
Corollary 3 using symmetries of the cone of k-positive maps. Let us start with the following lemma.
Lemma 2. Let C ∈ P (H) be a symmetric mapping cone. Then a map φ ∈ P (H) is C-positive if and only
if ψ ◦ φ ∈ CP for all ψ ∈ C◦.
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Proof. We know from [8, Thm. 2] that φ ∈ PC iff φ ∈ C. By [11, Thm. 12] and [8, Cor. 9], this is equivalent
to saying that φ ∈ P◦C◦ . By [11, Thm. 1], this is equivalent to the condition that ψ ◦ φ ∈ CP for all
ψ ∈ C◦.
Theorem 2. Let φ ∈ P (H), k ∈ {1, . . . , d}. Then the following conditions are equivalent.
(i) φ is k-positive,
(ii) AdF ◦φ ∈ CP for all k-dimensional projections F in H,
(iii) φ ◦AdF ∈ CP for all k-dimensional projections F in H,
(iv) AdF ◦φ ◦AdE ∈ CP for all k-dimensional projections F and E in H,
Proof. Since Pk is a symmetric mapping cone, Lemma 2 is applicable to Pk. Since SPk (H) is the dual of
Pk and is generated by maps AdF with F projections of dimension 6 k, it follows that (i)⇔ (ii). Since Pk
and CP are closed under taking adjoints, (ii) ⇔ (iii). The equivalence (i) ⇔ (iv) is a restatement of [13,
Lemma 2].
Similar characterization theorems have been discussed in [10] and in a more general form in [8, 14]. Using
the theorem above, Proposition 3 and Corollary 3, one almost immediately gets Corollary 2. Namely, for φ
of the form φλ = Tr−λAdV and E, F projections of dimension k, we have the map φ
EF
λ ,
φEFλ (x) := AdF ◦ φλ ◦AdE (x) = F Tr (ExE)− λAdFV (ExE) . (25)
Let U be a unitary operator such that E = UFU∗. One can rewrite (25) as
φEFλ (x) = F Tr (UFU
∗xUFU∗)−λAdFV (UFU∗xUFU∗) = F Tr (FU∗xUF )−λAdFV U (FU∗xUF ) . (26)
Since the map x 7→ U∗xU is an isomorphism, φEF is completely positive iff the map φ′λ defined by
φ′λ (y) = F Tr (FyF )− λAdFV U (FyF ) (27)
is a completely positive map of B (FH) into itself. By Corollary 3, this happens iff
‖FV U‖
2
HS 6
1
λ
(28)
or equivalently
1
λ
> Tr (FV UU∗V ∗F ) = Tr (FV V ∗F ) = Tr (FV V ∗) . (29)
One thing which needs a comment in equations (28) and (29) is that the trace of an operator in B (FH)
equals Tr (F · F ), where Tr denotes the usual trace in H. To see that this is the case, it is enough to
calculate Tr in a basis of H where the first k vectors belong to FH and the remaining d− k ones to FH⊥.
Taking a supremum over k-dimensional projections F in (29), by Theorem 2, we get
φλ ∈ Pk ⇔ ‖V ‖
2
(k) = sup
rkF=k
Tr (FV V ∗) 6
1
λ
, (30)
where we also used Proposition 3. Formula (30) is the same as in Corollary 2. Again, this is the result by
Chrus´cin´ski and Kossakowski on k-positive maps of the form Tr−λAdV [1].
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3. Completely and C-entangled subspaces
It turns out that if φ is a positive map then the negative part C−φ of the Choi matrix Cφ of φ contains
much interesting information. We shall study this observation in the present section.
Definition 2. Let C be a mapping cone on H, C 6⊂ CP (H) and let K be another Hilbert space. As before,
SC =
{
ρ ∈ B (K ⊗H)∗ ρ = Tr (Cψ.) is a state , ψ ∈ P◦C
}
(31)
and PC denotes the set of C-positive maps B (K)→ B (H). We say a state ω on B (K ⊗H) is C-entangled if
ω 6∈ SC.
Note that if C = P (H) then ω is C-entangled iff ω is entangled since SP(H) is the set of separable states.
We can now state the main result of this section. Note that the projection e in the theorem will be the
support projection for C−φ , or equivalently, the range projection of C
−
φ .
Theorem 3. Let e be a projection in B (K⊗H) and C a mapping cone on H with C 6⊂ CP (H). Then each
state ω on B (K ⊗H) with support in e is C-entangled iff there exists a C-positive map φ : B (K) → B (H)
with support C−φ = e.
Proof. Suppose suppC−φ = e. If ω is a state with suppω 6 e then
ω (Cφ) = ω (eCφe) = −ω
(
C−φ
)
< 0, (32)
Thus if ω = Tr (Cψ · ), then Cψ 6∈ P
◦
C , hence ω is C-entangled. To show the converse, let µ = supρ∈SC ρ (e).
We claim that µ < 1. Indeed, 1 = ‖e‖ = sup {Tr (eh) 0 6 h 6 1,Tr (h) = 1}. Now Tr (eh) = Tr (h) = 1 iff
h 6 e. Thus the state Tr (h · ) is by assumption C-entangled, hence Tr (h · ) 6∈ SC . Thus Tr (eCψ) < 1 for all
states Tr (Cψ.) ∈ SC . By compactness of SC and continuity of the maps ψ 7→ Tr (eCψ), µ < 1, as claimed.
Let λ = 1/µ, and φ be defined by Cφ = 1− λe. If Tr (Cψ · ) ∈ SC , then
Tr (CφCψ) = 1− λTr (eCψ) > 1− λµ = 0. (33)
Thus φ ∈ P◦◦C . By Theorem 6 in [11], P
◦◦
C = PC , so φ is C-positive. Since Cφ = (1− e) − (λ− 1) e,
C+φ = 1− e, C
−
φ = (λ− 1) e, which has support e.
As an immediate corollary we have
Corollary 4. If φ : B (K) → B (H) is C-positive with C as in Theorem 3, then every state with support in
the support of C−φ is C-entangled.
Following [15] we say that a projection e in B (K ⊗H) is completely entangled if each state ω with support
in e is entangled. In the special case when C = P (K), we get
Corollary 5. Let e be a projection in B (K ⊗H). Then e is completely entangled iff there exists a positive
map φ : B (K)→ B (H) such that suppC−φ = e.
It is natural to ask what limits on the dimension of the support of C−φ are implied by the fact that φ
belongs to a mapping cone C. For the cones of k-positive maps, the question has received some attention in
the past [16, 17]. Another estimate follows from Theorem 3 and the results of [18].
Corollary 6. Let φ : B (K) → B (H) be k-positive, k ∈ {1, 2, . . . , d− 1}, d 6 min (dimK,H). Then
dim suppC−φ 6 (m− k) (n− k), where m = dimK, n = dimH.
Proof. Since P◦k = SPk the vectors in the support of C
−
φ have Schmidt rank > k + 1 (since SPk consists of
states with density operators in SPk). Then by a result of [18, Thm. 11], this means that
dim suppC−φ 6 (m− (k + 1) + 1) (n− (k + 1) + 1) = (m− k) (n− k) . (34)
Note that the same estimate was earlier obtained in [19, Prop. 2].
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4. Tensor products
We now turn to an example about k-positivity of tensor products of positive maps. Throughout the
section we will be using the elementary fact that Cφ⊗n = C
⊗n
φ . We know from Corollary 1 and the equality
CTr = 1 that estimation of the operator Schmidt norm ‖A‖S(k) for k ∈ N is crucial for checking whether a
Choi matrix of the form 1− λA corresponds by the Jamio lkowski-Choi isomorphism to a k-positive map or
not. Explicitly, the norm ‖A‖S(k) for an operator A ∈ B (H) is defined [12] by the formula
‖A‖S(k) = sup
SR(ψ)6k
〈ψ|A|ψ〉 , (35)
where the supremum is taken over vectors ψ of Schmidt rank 6 k, i.e. vectors ψ =
∑
i,j ψijei⊗ ej in H⊗H
such that the matrix [ψij ] is of rank 6 k.
When distillability of quantum states is discussed, the case k = 2 is of particular interest. More precisely,
the question of distillability of a bipartite state ρ is equivalent to the question whether for some n ∈ N the
matrix ((1⊗ t) ρ)⊗n corresponds by the Choi-Jamio lkowski isomorphism to a 2-positive map or not. When
((1⊗ t) ρ)
⊗n
corresponds to a 2-positive map for some n ∈ N, we say that ρ is n-copy undistillable [2, 20].
Of special importance are density matrices such that (1⊗ t) ρ is proportional to 1−λp, with p a projection,
especially when p projects onto ψ+ =
1√
d
∑d
i=1 ei ⊗ ei, the maximally entangled state. We know from the
previous discussion (cf. Lemma 1 plus the equality CTr = 1 in Proposition 2) that operators of the form
1− λp correspond to maps of the form Tr−λAdV . Thus, the question of distillability is about 2-positivity
of maps (Tr−λAdV )
⊗n
. For n = 1, the question has fully been solved in [1] and the answer can be found
in Corollary 2 above. For n = 2, we have
C(Tr−λAdV )⊗2 = (1− λp)
⊗2
= 1⊗ 1− λ (1⊗ p+ p⊗ 1) + λ2p⊗ p. (36)
Thus
C(Tr−λAdV )⊗2 > 1⊗ 1− λ (1⊗ p+ p⊗ 1) (37)
and any sufficient 2-positivity criterion for the map J−1 (1⊗ 1− λ (1⊗ p+ p⊗ 1)) will work for (Tr−λAdV )
⊗2
as well. But 1⊗ 1− λ (1⊗ p+ p⊗ 1) is of the form 1− λA, so by [12], or Corollary 1 above, we have
Proposition 4. If 1
λ
> ‖1⊗ p+ p⊗ 1‖S(2), then the map (Tr−λAdV )
⊗2
is 2-positive.
Obviously, we have ‖1⊗ p+ p⊗ 1‖S(2) 6 2 ‖1⊗ p‖S(2). Let p be a projection onto a vector ψ of norm
one. To make further estimates, we need to introduce the concept of singular values and Schmidt vector
norms [12] for ψ.
Definition 3. By the i-th singular value σi (ψ) for a vector ψ =
∑
i,j ψijei ⊗ ej ∈ H⊗H we mean the i-th
greatest singular value of the coordinate matrix [ψij ].
Definition 4. The k-th Schmidt vector norm ‖ · ‖s(k) for a vector ψ =
∑
i,j ψijei⊗ ej ∈ H⊗H is the norm
‖[ψij ]‖(k) of the coordinate matrix [ψij ] (cf. Definition 1).
The eigenvectors of 1 ⊗ p corresponding to the eigenvalue 1 are of the form vi ⊗ ψ, where {vi}
d
j=1 can
be any orthonormal basis of H. Other eigenvectors correspond to the eigenvalue 0 and we can neglect them
in our discussion. We have the following lemma concerning the singular values of a tensor product of two
vectors.
Lemma 3. Let φ ⊗ ψ be a vector in
(
H⊗ˆH
)
⊗
(
H⊗ˆH
)
, where φ, ψ ∈ H⊗ˆH and ˆ is used to distinguish
between the two tensor products that we are using. The singular values of φ ⊗ ψ with respect to the tensor
product ⊗ˆ are equal to σi (φ)σj (ψ).
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Proof. Let φ =
∑
i,j φijei⊗ˆej, ψ =
∑
k,l ψklek⊗ˆel be the decompositions of φ, ψ (resp.) in an orthonormal
basis of H⊗ˆH. The decomposition of φ⊗ ψ with respect to an orthonormal basis of
(
H⊗ˆH
)
⊗
(
H⊗ˆH
)
is
∑
i,j,k,l
φijψkl (ei ⊗ ek) ⊗ˆ (ej ⊗ el) . (38)
Thus the singular values for φ⊗ ψ are the singular values of the matrix A = [Aik,jl], where Aik,jl = φijψkl.
But A = Φ ⊗ Ψ, where Φ = [φij ], Ψ = [ψkl]. Thus AA
∗ = ΦΦ∗ ⊗ ΨΨ∗ and the eigenvalues for AA∗ are
products of σ2i (φ) and σ
2
j (ψ) (i, j ∈ {1, 2, . . . , d}). In other words, the singular values for φ ⊗ ψ are equal
to the products of the singular values for φ and for ψ.
In short, the singular values of the vectors vi ⊗ ψ are of the form σk (vi)σl (ψ), l,m = 1, 2, . . . , d. Thus
we have
σ2 (vi ⊗ ψ) 6 σ1 (vi ⊗ ψ) 6 σ1 (vi)σ1 (ψ) (39)
and
‖vi ⊗ ψ‖
2
s(2) 6 2σ1 (vi)
2 σ1 (ψ)
2 = 2 ‖vi‖
2
s(1) ‖ψ‖
2
s(1) (40)
By [12], Proposition 4.8, we have
‖1⊗ p‖S(2) 6
d∑
i=1
‖vi ⊗ ψ‖
2
s(2) 6 2 ‖ψ‖
2
s(1)
d∑
i=1
‖vi‖
2
s(1) (41)
The vectors vi can be chosen as an arbitrary orthonormal basis of the space in question (of dimensionality
d). In particular, from [21] we know that for arbitrary d, it is possible to construct an orthonormal basis
of maximally entangled states. In such case ‖vi‖
2
s(1) =
1
d
for all i, which is the minimum value that ‖ · ‖s(1)
can take in general, so optimizing the choice of vi in (41) gives
‖1⊗ p‖S(k) 6 2 ‖ψ‖
2
s(1) · d ·
1
d
= 2 ‖ψ‖
2
s(1) (42)
Now we only need to plug this into ‖1⊗ p+ p⊗ 1‖S(2) 6 2 ‖1⊗ p‖S(2) to get
‖1⊗ p+ p⊗ 1‖S(k) 6 4 ‖ψ‖
2
s(1) = 4 ‖p‖S(1) (43)
We can use this result to give a concrete estimate in Proposition 4.
Proposition 5. If 1
λ
> 4 ‖p‖S(1), CAdV = p, the map (Tr−λAdV )
⊗2
is 2-positive.
Furthermore, by Theorem 3 we have that the support of 1 ⊗ p + p ⊗ 1 is P2-entangled. We also make
the following observation,
Corollary 7. If Tr−4λAdV with ‖V ‖HS = 1 is 1-positive, then (Tr−λAdV )
⊗2
is 2-positive.
Proof. By Corollary 1, we know that φ4λ = Tr−4λAdV is 1-positive iff ‖p‖S(1) 6
1
4λ iff
1
λ
> 4 ‖p‖S(1). This
is precisely the condition in Proposition 5.
Since ‖p‖S(1) >
1
d
and we are only interested in λ > 1 (otherwise, Tr−λAdV ∈ CP), Proposition 5 can
only be useful when d > 4.
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